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Rooted trees

/7 10 9

@ A rooted tree is a tree with one vertex selected as the root.

@ [t can be drawn in any manner, but it is common to put the root at
the top and grow the tree down in levels (or at the left and grow it
rightward in levels, etc.).

@ The leaves are the vertices of degree O or 1: 1,5,6,7,10,9.

@ The internal vertices (or internal nodes) are the vertices of degree
> 1:2,3,4,8.
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Rooted trees: relationships among vertices

Depth O

Parents/children

Depth1 @ 4 has children 3, 8, 3, 6.
3, 8, 5, 6 each have parent 4.
Depth 2 3, 8, 5, 6 are siblings.

@ 8 has parent 4 and children 7, 10, 9.

/7 10 9

le Depth 3

Depth

@ The depth of v is the length of the
path from the root to v.

@ The height of the tree is the
maximum depth.
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Ordered trees

/7 10 9 /7 10 9

le ol
@ An ordered tree puts the children of each node into a specific
order (pictorially represented as left-to-right).

@ The diagrams shown above are the same as unordered trees, but
are different as ordered frees.
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Binary trees and more

Binary Tree Full Binary Tree Trinary Tree

Ny

@ In a k-ary tree, every vertex has between 0 and k children.
@ In a full k-ary tree, every vertex has exactly 0 or k children.
@ Binary=2-ary, Irinary=3-ary, etc.

@ Lemma: A full binary tree with n leaves has n — 1 internal nodes,
hence 2n — 1 vertices and 2n edges in total.
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Dyck words

A Dyck word (pronounced “Deek”) is a string of n 1’s and n 2’s such
that in every prefix, the number of 1's > the number of 2’s.

Example (n = 5); 1121211222

Prefix #1s #2s #l1s>#2s
0 0 0 0>0
| | 0 1>0
11 2 0 2>0
112 2 1 2>1
1121 3 1 3>1
11212 3 2 3>2
1121211222 5 5 5>5
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Dyck words and Catalan numbers

Let W, be the set of all Dyck words on n 1’s and n 2’s, and C,, = |W,,| be
the number of them.

Wo Wi W, W3
) 12 1122 111222
1212 112122
112212
121122
121212
C,=W,| 1 1 2 5

4

Catalan numbers C, = |W,,|

@ One formula (to be proved later) is

1 [2n\  (2n)!
Cn_n—|—1<n> - nl(n+1)!
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Balanced parentheses

Replacing 1 = ( and 2 =) gives n pairs of balanced parentheses:

Wo Wi Wy W3
) 12=1() 1122 =(()) 111222 = ((()))
1212 = ()() 112122 = (()())
112212 = (())()
O(0)
000

121122 =

121212 =
C,=|W, 1 1 2 3}
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Ordered trees

w = 1121221212

@ Given Dyck word w, form an ordered tree as follows:
e Draw the root.
e Read w from left to right.
For 1, add a new rightmost child to the current vertex and move to it.
For 2, go up to the parent of the current vertex.

@ For any prefix of w with a 1's and b 2’s, the depth of the vertex you
reachisa — b > 0, so you do not go “above” the root.
At the end, a = b = n and the depth is a — b = 0 (the root).

@ Conversely, trace an ordered tree counterclockwise from the root.
Label each edge 1 going down its left side, and 2 going up its right.

@ Thus, W, is in bijection with ordered trees on n edges (hence n + 1
vertices), so C, counts these too.
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Recursion for Catalan numbers

@ Forn > 0, any Dyck word can be uniquely written u = 1x2y where
x,y are smaller Dyck words:

u= 112122112212 € W x=1212€ W, y=112212 € W;
(OO0 or x = ()() y=(0)0)

@ Foru e W, (with n > 0), this decomposition gives x € W;,
yeW,_1_;wherei=0,..., n— 1.
n—1
@ We have Cy = 1 and recursion C, = Z CiC, 1; (n>0).
i—=0
Q C() — 1
Ci=CCo=1-1=1
Ch=CCi1+CiCop=1-141-1=2
C3=CogCr+Ci1Ci+CCp=1-2+1-142-1=5
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Complete binary parenthesization

@ What are all ways to parenthesize a product of » letters so that
each multiplication is binary?

E.g., (a(bc))(de) uses only binary multiplications, but (abc)(de) is
invalid since abc is a product of three things.

@ For a product of n letters, we have n — 1 binary multiplications:

n=1 n=>2 n=73 n=4
a ab a(bc) ((ab)c)d
(ab)c (a(bc))d
a((bc)d)
a(b(cd))
(ab)(cd)
Count 1 1 2 5
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Complete binary parenthesization

@ To parenthesize a product of » letters:

e Let x be a complete binary parenthesization of the first i letters.
e Same for y on the other j = n — i letters.
e Form (x)(y).
If x or y consists of only one letter, omit the parentheses around it.

@ The possible valuesofiarei=1,2,...,n—1.
@ Let B, = # complete binary parenthesizations of n letters. Then

n—1
Bi=1 By=) BBy,
=1

@ Similar recursion to Catalan numbers, but » is shifted: B, = C,,_;.
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Ordered full binary trees

Ordered full binary trees with n = 4 leaves

Bijection: ordered full binary trees with »n leaves
«— complete binary parenthesizations of n factors

((@b)c)(de)

Each internal node is labelled by the product of its children’s labels,
with parentheses inserted for factors on more than one letter.

There are C,_; full binary trees with n leaves.
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Bijection: Dyck words < ordered full binary trees

11122212
1122
12 o
/'\ o 0
®
0] %)

Bijection: Dyck words W, < binary tree with n + 1 leaves

Under the following recursive rules, the word written at the root

corresponds to the tree.
Word to tree

B(D)= ®

B(Ix2y) = A = e

B(x) B(y)

Tree to word

Leaf: @
0

Internal nodes:

Ix2y
o o
X

X Y Y
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Triangulating regular polygons

@ Draw a regular n-gon, oriented to sit on a horizontal edge on the
bottom.

@ Draw non-crossing diagonals connecting its vertices, until the
whole shape is partitioned into triangular regions.
In total there are n — 2 diagonals.

@ This is a friangulation of the n-gon.
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Triangulating regular polygons

n=3 n=4 n=5

/\

[
N

n

W),
S

The number of triangulations of an n-gon is C,,_».
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Triangulating regular polygons

C C
b d b d
cd
ab ab
de
\()
a ; ,(@&0& e a & e
((ab)(cd))e ((ab)c)(de)

@ Draw any triangulation of an n-gon.

@ Leave the base empty, and label the other sides by the n — 1
factors a, b, c, . . . In clockwise order.

@ When you have labels on two sides of a triangle, label the third
side by the product of those labels, introducing parentheses to
keep the order of multiplications.

@ The base is labelled by a complete binary parenthesization on
n — 1 factors. This procedure is reversible.

@ The number of triangulations is C(,,_;)_; = C,».
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Generating function for Catalan numbers

@ Recall that Cy =1 and

@ Let f(r)=> 7 ,Cut". Then

00 n
— Z (Z C,-Cn,-> 1"
n=0 \i=0

((f Z(chﬂl>zZCr —

l+vI—4 1+£(1—2+--)

2 — _
tF(O)—ft)+1=0 so f(1) = > — >

1—+/1—4t¢

@ Since the series of f(z) starts at 1/, the solution is f(r) = ~—%;

Prof. Tesler () Catalan numbers Math 184A / Nov. 26, 2008 18 /21



Generating function for Catalan numbers

@ On homework 2, you computed the binomial series for /1 + x:

—1/4)"(2n —2)!
14+x)!/? = =1-2 !
(1 4x) Z nl(n—1)! .
@ Set x = —4r;
—1/4)"(2n —2)!
1— r=1-—-2 —4¢)"
Z nl(n—1)! ( )

(2n —2
_1_2Zn| n—l

1—V1—4 & 2n—-2), , «— (@200
fi) 2t ,;n!(n—l)! ’;)(n—l—l)!n!
@ Sincef(r) =Y 22, Cut", we proved C, = % = —L(*).

19/ 21
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Generating function for Catalan numbers

Second derivation of generating function

@ The weight of aword u € W, is w(u) = n.

@ When n > 0, decompose u = 1x2y where x, y are Dyck words.
Then
w(u) = w(12) +wix) + wly) = 1 +w(x) +w(y)

@ The product formula gives the generating function by weight for all
Dyck words withn > 1is¢- f(¢) - f(1).

@ This generating function is also f(z) — 1.
@ Thus, t(f(#))* = f(¢t) — 1, giving the same equation as before.
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We looked at many classes of objects that are counted by Catalan
numbers, and we established bijections between them:

C, Dyck words onn 1's and n 2’s.

C, ways to form n pairs of balanced parentheses.

C, ordered trees with n edges (hence n + 1 vertices).

C,—1 complete binary parenthesizations of a product x;x; . . . x;,.
C,_1 ordered full binary trees with n leaves.

@ C, » triangulations of an n-gon.

There are 100’s more classes of objects people have found that are
counted by Catalan numbers.
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