Diffusion Model
Math Circle, October 23, 2002

Hereisthe directed graph corresponding to amodel for the settling of silt in abarrel of
water. There are eight levels from the top to the bottom of the barrel. For each level and
each timeincrement, 3/10 of the mud moves down alevel (if possible), 2/10 moves up a
level (if possible), and the remainder staysin the same level

Level: 1 2 3 4 5 6 7 8

Hereisthe transition matrix which in entry i of column j is the fraction of material in
level | which movesto level i during a single time increment.
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Can you answer the following questions, assuming our time increment is 1 hour?

(1) If 100 grams of silt/dye started at level 1 at time 0, how many grams are there in each
level 10 hours later?

Answer: the amount in level i isthei™ entry in the first column of A™, times 100. For

example, there will be about 21 gramsin level 1.

(2) If there were 100 gramsin level 1 and 100 gramsin level 3 at time zero (and no

gramsin each other level), how are the 200 grams distributed 10 hours later?
Answer: Add 100 times the entries in the first column to 100 times the entriesin the third
column, of A,

(3) Supposethat at time zero there are x,, X,, X3, X4, Xs, Xg, X5, Xg@gramsin each of the 8
levels. Isthere away you could have your calculator compute the resulting amounts
in each level after 10 hours? Can you explain why?

Answer: multiply the A™ matrix by a very skinny matrix (with 1 column and 8 rows)

which has the x, values down the rows. (Thiskind of skinny matrixisalso called a

vector.)

Here are some very large powers of the incidence matrix:
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(4) If you started with 100 grams of silt, distributed in any way you wanted among the 8
levels, how will the silt be distributed after a very very long time?

Answer: The matrix stabilizes after along time, i.e. continued multiplying by A leaves it

unchanged. Since each column isthe same in the stabilized matrix, it doesn’t matter

where the silt/dye started, it all eventually gets distributed in the same way. There will be

about 2gramsinlevel 1, 3inlevel 2,45inlevel 3,6.9inlevel 4,10inlevel 5, 15.4in

level 6, 23inlevel 7 and 34.7 in level 8!



