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%——Important—Termso(the word hne may be replaced by the Word segment-or-ray-in any of the following definitions)

Perpendicular: Twolinesare | Midpoint of a ségment: A point on | Bisector of a segment: A line that -
perpendicular if they intersect and | a segment that is equidistant from | intersects a segment at its midpoint.
form a right angle. the endpoints of the segment.

Bisector of an angle: A line Perpendicular bisector of a
through the vertex of an angle that | segment: A line that is

divides the angle into two smaller | perpendicular to a segment and
angles of equal measure. bisects the segment.

Distance from a point to a line:
The distance measured along a

perpendicular segment from the
point to the line.
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Special segments in a triangle:
Median: A segment connecting a
vertex of a triangle with the
midpoint of the opposite side.

Angle bisector: A segment from a
vertex of a triangle to a point on the

opposite side, which bisects the
angle.

Altitude: A segment from a vertex
of a triangle which is perpendicular
to the opposite side. The foot of
the altitude is the intersection point
of the altitude and the side.

There is a difference between sketching, drawing, and constructing an object. When you sketch an equilateral
triangle, you make a freehand sketch that looks equilateral. When you draw an equilateral triangle, you may
use tools like a ruler, straightedge, t-square, protractor, and templates to accurately measure and render an -
equilateral triangle with straight, equal length sides and 60° angles. When you construct an equilateral triangle
you may not measure with a ruler or a protractor. It is a precise way of drawing using only a compass and

-~ straightedge and following specific rules. The first rule is that a point must either be given or be the intersection
of figures that have already been constructed. The second rule is that a straightedge can draw the line through




————tWo pemts—and the- thlrd rule is- that a compass can draw a circle Wlth center at one point and passing through a
second point, or with a given rad1us -

We define a locus as a set of points that satisfy a certain set of conditions.

1. Construct the locus of points that are a distance of 2. Construct the locus of points that are a distance of
AB units away from point 4. DE units away from point C.
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3. What is the common name for these loci (plural of locus) that we constructed? Zir 6(&

4. Point 4 (and C) in the locus construction above is called the C 6/V]Z€/f_ of the circle.

5. The distance AB (and DE) in the locus construction above is called the (! ({ {,I(/CS , of the cucle. .

6. The locus definition of a circle is: A circle is the locus of all pomts a given c/ N 7[4/] & (the radlus)

away from a given ﬂ@ / f'ﬂ[ (the center).

7. Construct an zsosceles triangle using segment F G 8. Construct an equilateral triangle using segment IH ”
asaleg. N v asa s1de
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An alternative to the definition of the 'perpendmular bisector of a segment that was g1ven on page 1 is the locus
definition for the perpendicular bisector of a segmenit. This locus definition relies on a property of
perpendicular bisectors stated in the Perpendicular Bisector Theorem. The Perpendicular Bisector Theorem
says that any point on the perpendicular bisector of a segment is equidistant from the endpoints of the segment.
Since the converse (any point that is equidistant from the endpoints of a segment is on the perpendicular




— 1 bisector-of the-segment)-is-also-true, we may deﬁne the perpend1cular b1sector of a segment as the locus of all

points equidistant from the endpoints of a segment.
~ One of the most important constructions is that of the perpendicular bisector (L bisector) of a segment.

9. Construct a point C, below segment AB, that is 10. Construct two points J and K, one above and one

equidistant from the endpoints. Then construct a - below segment F'G, that are equidistant from the
second point D, below segment 4B, that is also endpoints, and both the same distance away from
equidistant (but a different distance) from the the endpoints (but on opposite sides of segment
endpoints. FG). O\

Draw the line CD and &xtend it until it intersects ‘ ' 7
segment AB. Label fhis intersection point E. Draw the line JK and label the intetsection point L.

We only needed to construct two points equidistant from the endpoints of the segment in order to construct the
1 bisector of the segment, although we could construct several more to verify that they are all collinear.

A bonus that comes from constructing the L bisector of a segment is that we con_struct the rhidpoint of the
segment. In the constructions above, E is the midpoint of segment 4B, and L is the midpoint of segment JK.

The most efficient algorithm for constructing the 1 bisector of a segment (and also its midpoint) is to open
your compass greater than half the length of the segment and swing an arc from one endpoint that extends both -
above and below the segment, then with the same radius swing an arc from the other endpoint that intersects the
first arc in two places, both above and below the segment, then draw the line through the two intersection
points. This line will be the locus of all points equidistant from the endpoints of the segment, and hence its
perpendicular bisector. Of course, if the segment is close to the edge of the paper and there is not enough room
to construct points on both sides of the segment, you could just construct two different points on the same side.

The construction of the L bisector is a building block for many other constructions.

- 11. Construct the line through point R that is 12. Construct the line through point P that is
perpendicular to line n (hint: construct a segment perpendicular to line m (hint: construct a segment
on line » such that R i the midpoint of the - on line m such that P is equidistant from the
segment). o endpoints of the segment).
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-13.-Provide-a- -convineing-argument to- another person in your group. about why the construc’uon in problem k
number 11 works. :

14. Provide a convincing argument 0a dzﬁ‘erent person in your group about why the construction in problem
number 12 works. s

15. Construct an isosceles triangle usmg ST as a base.  16. Construct an isosceles triangle using UV as a base
S i and WX as a leg.

B s

17. Construct the perpendzcular bisector of side AB of '18. Construct the altitude from vertex ¥ in tnangle '
triangle ABC{ and the median from vertex C. XYZ (hint: see problem 12).

C | |
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Before we learn the alga rlthm for bisecting an angle let’s explore the propemes of
angle bzsectors in scalene and zsosceles trlangles

edians, altitudes, and

In scalene triangle LMN, ME is an altitude, MF isan  Inisosceles triangle GHI, 1J is an angle bisector of
angle bisector, and MD is a median. vertex angle 1. ' :




" Notice-in-a-scalene-triangle that the altitude, angle b'z'_s_ector, and median constructed from the same vertex are..
all different segments. The “feet” of these segments Wwill always be in the same order, with the angle bisector
between the altitude and the median.

19. Using 1sosceles tnangle GHI with angle bisector IJ from the bottom of page 4, prove that tnangle GJI1s
congruent to triangle AJI.

Sincee 1J bisects LT, @,u/ GT = Tl~[15@5ce,/£5 ﬁlﬂl/ 1f= IJ
AGIT ZAHIT by SAS |

20. After proving the triangles are congruent, what can yeu say about point J? M C/ﬂﬂ [ /7 YZ Why?
GJ =W, correspondind par e 98 = +r Wg’éf o |
21. What can you say about the measures of angles GJI and HJI? i M% Cm 4 /é"{ _ _Why?

bo + A C ong foia/m[ W?A{ 5 %ﬂ//amm /44 / /

22. Using information from problem number 20, what is another name for segment LJ? Me l//‘ﬁ {1

‘23 Using information from problem number 21, what is a different name for segment n P\ ‘}“ 1/’@ C{Q
(with respect to vertex I) .

24. Combining the propertres of the segments in problems 22 and 23, what i is another name for the line

‘containing segment IJ (with respect to side GH)? 1 b (5€< 7[0 r

The preceding properties are summarized in the Isosceles Triangle Vertex Angle Bisector Theorem: In an
isosceles triangle, the bisector of the vertex angle is also the altitude and median to the base (and the
perpendicular bisector of the base). In other words, all four segments determine the same line. We can use this
fact specifically to construct the angle bisector of the Vertex angle in an isosceles triangle, and more generally, v
to bisect any angle.

25. Construct the angle bisector of vertex angle P in 26. Construct the bisector of angle S (first, construct
isosceles triangle POR by constructing the L an isosceles triangle with angle S the vertex angle)

bisector of base OR (you already know one pornt C '

onthe L bisector of OR).




—~——W e now-have-an- algorzthm for constructmg the angle bisector. W1th -your- compass at the vertex of the angle, -

swing an arc that crosses both sides of the angle. The intersection points will be the vertices of the base angles .
of an isosceles triangle (you don’t actually need to draw the base). Construct the L bisector of this base by
constructing a second point equidistant to the endpomts of the base. The line connecting this point with the
vertex will bisect the angle. :

An important theorem that we will use when talking about piles of salt is the Angle Bisector Theorem, which
says that any point on the bisector of an angle is equidistant from the sides of the angle. The converse of this

- theorem says that any point which is equidistant from the 51des of an angle is on the angle bisector.

27. Using the Angle Bisector Theorem, write a locus definition for the angle bisector. 7%2 é(j@g%ﬁ/’

0% an aM/e s e /M'f A /a//z/f eM/c///%m% Lrom
e SMder 8 & an

Important theorem: A z‘angent line to a circle 1 Pe yienzdlcular to the radius of the circle at the point of tangency.

———

28. Construct the tangent to circle 4 at point B (hint: ~ 29. Construct the c1rcle with center C and tangent to
see problem 11). : : ‘ line » (hmt/see problem 12) :

e thaf-contains point J and is
init L (hint: problems 16, 30).




—°__Salt Pile Experiment . . : .
The angle of repose is the minimum angle at which a granular materlal can no longer support itself, and will
flow under the influence of gravity. (The term "granular" covers a wide range, since even large boulders that
accumulate at the foot of a mountain have an angle of repose, and a rockslide or avalanche occurs if this angle is
exceeded.) The angle of repose is the measure of the angle between the surface of the material and horizontal.

The steepness of the angle of repose is affected‘by such properties as the size and angularity of the grains,
density of the grains, cohesion between the grains (due to electrostatic energy, magnetism, water film, etc.),
substrate roughness, shear-stress, and gravity. Ordinary table salt has an angle of repose of about 32°.

Clrcle Experiment
* Predict what will happen when salt is poured on a circular shape.

T+ will  wmake o cofe.

e Pour salt on circular shape and observe if your pred1ct10ns are verified.

yes . |
o Where is the apex of the cone in relation to the circular base?
direcHy ahve. Ve center o€ Ma cincle v%crl 5 e st

e If you know the diameter of the circular base, and the aggle of repose, can ym;\ calculate the he1ght‘?+‘
¢S =3 = =
Triangle Experiment / bk 7 Mm 9 —2 h Y Tah 9
e Predict what will happen when salt is poured on a tnangular shape.
T+ will Sorm o %tal’lc/u/kr PMM/

e Poursalton tnangular shape and observe if yo your pred1ct1ons are correct.

e Wherei 1s the apex of the pyramid 1n relation to the triangular base?
dicectly ghove ‘he ... .. ‘ —~

. What are the ridgelines in relation to the tnangular base? % . (’ .
(¢ bisectars gq;bu(!d‘]’a’,ﬁf Crom 5/11453 Concdr g Mﬁ

Construcf;i amodel of your observations from the Inscribe a circle in the triangle (Don’t forget to
triangular experiment. - . construct the point of tangency of the incircle).




———-Quadrilateral Experiment— - ,
* Predict what will happen when salt is poured onaq 1ad lateral shape C/ ?

T+ will Yoeml o adadrdatvra( pyram

e Pour salt on quadrllateral shape and observe 1f your predictions are correct

was wron

e Describe the ridgelines in relation to th quadnlateral base? \' , | ,
They atre Yhe  bisochors o§ He Mjéﬂs c(dwm/w(/ éy W 5jdo

Construct a model of your observations from the triangular expenment

‘} T | TMS mdj@hﬂ@ (5 ;_g“’cgfﬂéﬂ%
o - | mﬂv jfclés AU and B .(TH by
Circle Near Edge Experiment - . 4/ ﬂ/ﬂg ‘ QLWMEJ ék // f/\/ﬂ”//fw,s

e Predict what wﬂl happen when salt is oured on a surface with a hole near the edge 7 ¢ s / g_()
L- Sotm - o Cone with o hole 1h 14

e Pour salt on surf: a(ce and observe if your predictions are correct.

Cop

o Describe the ndgelme in relation to the edge and the circle.

:EJ" V@F’}ﬁ@chfv 40 nb.é a pamhe(d




“7-'f-~--~--—Beﬁnjﬁoﬁ:—A—pa—rabo;lafis-thefléélis,»Qf points equidistant from a point(focus) and a line (directrix).
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The distance from F to line m is measured along the perpendicular from F to line m. This distance FD is the - | i
same as the distance FC. Since F'is equldlstant from omts C and D, describe how to construct point F given [ '
¢

pomt? on;me fzeand pmf C. - Cong m ﬁ 1544%# o & f/eﬁ mé z/L{— ”2 a#l
cOnsthag o line m row "‘7 U e v o

Choose another point G on the parabola and perf the consguct%ﬁ that Wou(c/l der'rllgnsét'gce that G is \//?ejyé
equidistant from point C and line . ‘ . >/ €S

——— — — — — o —-— — —_— — - — — —-— —

" Why is the distance from J to K the same as the;distance from Jto L? Fr'om 7L/ S d/{ 4 eI“ ”‘” @ﬁ
The Salf Slides 0¢€ Tl eder mh U rodgelnd Hhat /s Comnd e aﬁ/afwiﬂ?fﬂm

- The definition of a parabola 1s the locus of points that are equ1d1stant fro ]Zn a point and a li e not a circle and a
line. Can you prove that the locus is a parabola? in Hhi's “exgRrimint  dame Jhe fiin

Extend fine JL below fine L a distance "0 € 9K Therefor, 0K+/L ﬂL+LJ
or OJd =D C@nsﬁ‘uc‘f Q lite -///7/“6’(4 h ﬂ m‘u//@/ +o [me [, This cail ﬁé
clone Qar 5{/[1 /’mn{ fie S ﬂ%e fw/f& ine ,5 //2(7 leeqs o9
/0//‘ S 94%:&5(4//7‘ .VM‘ Qi Lk zf}-ﬁl) /7‘ 1S5 g fara g/q




*‘”".',—.'Deﬁ'_'ni"ﬁ’@ni—Aﬂ'eﬂlPSe*iS—therlOC'lvlsv of points Wh_o_se sum to _twlo._ ﬁxédf?ointsw(foci‘) is conStant.. _
HA + HE = I4 + IE = constant

Perform the constructlon that Will demonstrate that His on the elhpse (I will guide you)

‘ Exﬁm( Jie /Hl o dictance o8
HE aﬁl name M eﬂz{/ﬁm{ 8.
'(_mﬂmbf W ol/w/é cé/hléréz/

0(+ /Z WﬂM radius B, H




Mo salt ex emmafm‘ |
JA% -\/l‘ﬂ?mf a ;n/d]g Ve g¢4{,27 4/fﬁif»ﬂ/;; #/Z/é(‘//é’f o

The deﬁmtlon of an ellipse is the locus of pomts whose sum to two fixed points is constant. Can you prove that
the locus.is an ellipse?

ot |
Extend Tt JE @ distance o KC- and—gme.. ‘f/l,é Mﬂ[f’&’/m[ ¢’ Line JE

0\59 gﬂej +/11~Mﬂﬁ P@w’nl /Z W/@'?J,* JL +‘}/L JE+E(; — JO = JL
o J s on Hhe L bgedtr o cc o Co ot He circle centered
at A M//“M au(tq | |

Since AC = AJ+L
o/l (J//lf/ﬁﬁ /

W’hv is fh&dl tanc om.J tQ K the same as the distance from Jto E?:
ig 50. ‘(’ 5 l ifm 26{;

o

e,

Ex"}ev\z& AcC . i\{ m 4//@ m%g,rg g,}émh 012 “"A’L ML( 'f 0CM5 D ot/u/ w%z lﬂw[éf‘fgd/,ﬁﬁ

9& /4C (ML( Lu‘“c/e C B b)ﬁ%w{ AD & c/m[cmce 9\C ﬂc gmg/ Mg
+he bMﬁﬂr/’WL F, "'/é w/q/cﬁu/ ml FW%/
Fadias B¢ qnd ndW ,V/qz
xnhmcé/oh o & it cmclé
(/W'M\ line AC E.
FO - 1@73 b
7:0 |

50 cihcle ceMUf‘e(/ m‘
A widh  redias AE

= AF = 4Lv15+6tﬂ+ JQ;
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